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Introduction
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Quantum particle in a box: quantum-well states

Let us consider one-dimensional potential well

U(z) of arbitrary shape.

Let us assume that there is a region with

constant potential energy inside the well.

We introduce two re�ection amplitudes r1
and r ′2, which characterize the re�ection of

electronic waves from the left and right edges,

respectively.
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Re�ections of electrons at the left and right barriers are described by relationships a = r ′1b

and b = r2a, therefore

a = r ′1b = r ′1r2 a =⇒ (1− r ′1r2) a = 0.

Nontrivial solutions (a ̸= 0 and b ̸= 0) exist under the condition

1− r ′1r2 = 0.

Since r ′1 = 1 · e i arg r′1 and r2 = 1 · e i arg r2 , then the condition r ′1 r2 = 1 can be rewritten in

the form

1 · e i arg r′1+i arg r′2 = 1 · e i 2𝜋n =⇒ arg r ′1 + arg r2 = 2𝜋n, n = 0, 1, . . .
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Coherent resonant tunneling in a double-barrier structure

Assume that the the potential U(z)

can be considered as a combination of

two localized scatters (barriers or steps)

U1(z) and U2(z). How to calculate the

resulting coe�cient of transmission?

We apply a perturbation theory, formally

assuming that all re�ection coe�cients

are rather small:

zero-order term: t(0) = t2 t1

�rst-order term: t(1) = t2 r
′
1 r2 t1

n−th order term: t(n) = t2 (r ′1 r2)n t1

t̂(0) = t̂2 t̂1

t̂(1) = t̂2r̂
′
1r̂2 t̂1

U1(z)

U2(z)

z

E||

Transmission amplitude t =
∞∑︁
n=0

t(n) =
∞∑︁
n=0

t2
(︀
r ′1r2

)︀n
t1 =

t2 t1(︀
1− r ′1r2

)︀ if 1− r ′1r2 ̸= 0

Transmission coe�cient 𝒯 =

⃒⃒⃒⃒
t1t2

1− r ′1r2

⃒⃒⃒⃒2
=

𝒯1 𝒯2
1 + ℛ1ℛ2 − 2

√︀
ℛ1ℛ2 cos (arg r ′1 + arg r2)

.

The conditions 1−r ′1r2 = 0 and arg r ′1+arg r2 = 2𝜋n correspond to the localized stationary

or quasi-stationary electronic states in a one-dimensional quantum well.
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Scanning tunneling microscopy (STM): general scheme

Invention: Binnig & Rohrer (1981), Nobel prize in physics (1986)

This approach is applicable only for conducting samples

Binnig, Rohrer, Gerber, ... Phys. Rev. Lett., vol. 49, 57–61 (1982)

Binnig and Rohrer, Surf. Sci. vol. 126, 236–244 (1983)

Chen, Introduction to scanning tunneling microscopy. Oxford (1993)

Wiesendanger, Introduction to scanning probe ... Cambridge (1994)

Springer Handbook of Nanotechnology (Ed. B. Bhushan), part C

(2010)
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Single-point tunneling spectroscopy

Measurement of local current-voltage (I − V ) dependence at a �xed position of the STM

tip with respect to the sample surface

V

I

V

d
I
/
d
V

Modulation technique: V (t) = V0 + V1 · cos 𝜔t =⇒ I (t) = I0 + I1 · cos (𝜔t + 𝛾)

I1 ≃ V1 ·
(︂

dI

dV

)︂
V0

Thus, the amplitude of the oscillation of tunneling current measured by a lock-in ampli�er

is proportional to the di�erential tunneling conductance dI/dV at given mean bias voltage

V = V0.
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Scanning grid spectroscopy

During scanning process the STM tip periodically stops for the acquiring the local I − V

dependences at �xed positions of the STM tip with respect to the sample surface.

Results of measurements: three arrays z = f (xn, ym,V0), I = f (V , xn, ym) and

dI/dV = f (V , xn, ym).

Fast scanning direction
Forward
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 z=f(x) @  y=const, V=const

For all points of the grid @ x,y,z =const
 I=f(V)  dI/dV=f(V) 
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Scanning tunneling microscopy/spectroscopy
in a modulation regime
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Quantum-well states
for electrons in Pb(111) films

Figures are taken the following papers

Li et al. Appl. Phys. Lett., vol. 89, 123111 (2006)

Roditchev et al. Nature Physics, vol. 11, 332 (2015)
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Moore et al. Low-temperature scanning tunneling microscopy ... Supercond. Sci. Technol. 28, 045003 (2015)

Roditchev et al. Direct observation of Josephson vortex cores. Nature Physics 11, 332 (2015)
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Standing electronic waves in Pb(111) films

ϕt = 0

ϕs = V

STM
tip

substrate

substrate

Pb film

tip

EF

EF

E

z

ē

Quantum-well
states

Set of allowed values of wave vector kn = 𝜋n/D, where D = N dML is the actual thickness

of the �lm, dML = 0.286 nm is the height of the Pb(111) monolayer.

Set of the energy En for quantum-well states

E (N)
n ≃ E0 +

~2k2n
2m* ≃ E0 +

~2

2m*

(︁𝜋 n

D

)︁2
≃ EF + ~vF ·

(︂
𝜋n

N dML

− 2𝜋

𝜆F

)︂
at k ≃ kF .

Provided that 𝜆F : dML = 4 : 3 and N ≫ 1, we get E
(N)
n ≃ E

(N+2)
n+3 .
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Tunneling interferometry: typical experimental results
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Quantum-well states for thin Pb(111) films
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Determination of microscopic parameters of Pb(111) films
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En ≃ EF + ~vF ·
(︂

𝜋n

dWL + N dML

− kF

)︂
=⇒ ∆E = En+1 − En =

𝜋~vF
(dWL + N dML)

Thickness of wetting layer: dWL ≃ 3 dML

Fermi velocity: vF ≃ 1.84 · 108 cm/s
Fermi wave vector: kF ≃ 15.94 nm−1

Fermi wave length: 𝜆F ≃ 0.394 nm

E�ective mass: m* ≃ 1.01m0
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Visualization of terraces of different actual height

Parallel acquisition of the topography map z = z(x , y) and the map of di�erential tunneling

conductance dI/dV = f (x , y) allows to visualize hidden structural defects like monatomic

steps in substrate, foreign inclusions, areas with mechanical stress and non-quantized

variations of the height

topography differential tunneling conductance

(a) (b)

450× 350 nm2, V0 = +300mV, I = 200 pA
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Visualization of subsurface dislocation lines (1)

topography current map differential tunneling conductance
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Fermi energy of electronic gas

EF = (~2/2m*) · (3𝜋2nel )
2/3

Jump of electronic density

𝛿nel ∼ nel/N

Shift of Fermi energy

𝛿EF ∼ 2E
(0)
F /(3N)

N dML (N + 1) dMLprojection of dislocation line

ionic concentration electronic concentration

δnion ∼ δnel ∼ 1/N
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Visualization of subsurface dislocation lines (2)
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Terraces with non-quantized height variations (1)
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Terraces with non-quantized height variations (2)

1160× 1160 nm2, V0 = 600 and 900mV, I = 200 pA

( )a ( )b (ñ)

230× 230 nm2, V0 = 900 and 950mV, I = 600 pA

( )a ( )b ( )c
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Oscillations of visible height of the monatomic Pb(111) step
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Quantum-well states
for electrons above Pb(111) films

Photos of lenticular clouds are taken from Internet
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Image potential in electrostatics

It is known that a probe charge located outside a conductive sample generate a charge at

the surface of the opposite sign. The interaction of the probe charge with the charged �at

surface of bulk sample can be viewed as the electrostatic interaction of the probe charge

and the mirror (image) charge. A Coulomb force acting between point charges e and −e

at a distance 2h as well as corresponding potential are equal

Fz(h) = −1

𝜀

e2

(2h)2
and U(z) = Evac −

+∞∫︁
z

Fz(h′) dh′ = Evac −
1

𝜀

e2

4z
.

Fz

h

(a)
Evac

V (z)Ena b

z0
(b)

The image potential resembles the Coulomb potential for hydrogen atom in one dimension
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Surface electronic states in the image potential (1)

If the energy of the image-potential states is in the forbidden band of bulk crystal, such

localized electronic states can be quasi-stationary and slowly decaying, a�ecting optical

and transport properties of nanostructured samples.

Garcia, Reihl, Frank, and Williams, Phys. Rev. Lett., vol. 55, 991-994 (1985)
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Surface electronic states in the image potential (2)

Let us assume that (i) Evac = 0 and (ii) the energy of the localized states belongs to the

forbidden band of bulk crystal. The e�ective potential for non-transparent wall at z = 0

can be written in the form

U(z) =

{︂
∞ at z < 0,

−e2/4z at z > 0,

where z is the distance measured from the surface, a = 0 and b = e2/4|En| are classical

turning points for a particle with energy En = −|En|.

Within quasi-classical Wentzel-Kramers-Brillouin (WKB) approximation, one can estimate

the change of the phase of the electronic wave function for the round trip (a → b → a)

1

~

b∫︁
a

p(z) dz + 𝜙b +
1

~

a∫︁
b

(−p(z)) dz + 𝜙a = 2𝜋n,

where 𝜙a and 𝜙b are the phase shifts for re�ected waves at points a and b, correspondingly;

n = 0, 1 . . . is the number of quantum-well state.

After rearranging, we come to the Bohr-Sommerfeld quantization rule

1

2𝜋~

∮︁
p(z) dz = n + 𝛾, where 𝛾 = −𝜙a

2𝜋
− 𝜙b

2𝜋
≃ 3

4
.
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Surface electronic states in the image potential (3)

Afetr substituting p(z) =
√︀
2m0 (E − U(z)) into the Bohr-Sommerfeld quantization rule,

we get

1

2𝜋~

∮︁
p(z) dz =

1

𝜋~

b∫︁
0

√︀
2m0 (En − U(z)) dz =

e2

𝜋~

√︃
2m0

|En|
𝜋

8
= n + 𝛾.

As a result, the spectrum of the localized electronic states in the image-potential with

non-penetrable well is given by a simple relationship

En = −m0e
4

32~2
· 1

(n + 𝛾)2
= − 1

16

Ry

(n + 𝛾)2
,

ãäå Ry (rydberg) ≡ me4/(2~2) = 13.6 eV is the ionization energy for hydrogen atom in

the ground state.

The factor 1/16 re�ects the fact that the distance is measured from the surface, what as

twice as smaller than the distance between the centers of the probe and image charges.

Flat surface of bulk conducting crystal can be considered as two-dimensional analog of

hydrogen atom.
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Surface electronic states in the image potential:
numerical simulation
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Stark-shifted image-potential states (1)

The shift of the quantum-well states in an uniform electrical �eld (i. e. in a linearly

increasing potential) is analogue of the Stark e�ect for hydrogen-like atom in electric

�eld.

Binnig, Frank, Fuchs, Garcia, Reihl, Rohrer, Salvan,... Phys. Rev. Lett., vol. 55, 991-994 (1985)
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Gundlach oscillations of tunneling conductance

Gundlach, Solid State Electronics, vol. 9, 949-957 (1966)
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Stark-shifted image-potential states (2)

z
0 h

U(z)

EF

EF +Ws

EF

EF +Wt

Ueff(z)

EF − |e|V

EF +Ws − |e|V

EF

EF +Wt

E�ective triangular potential well with impenetrable wall at z = 0

Ueff (z) =

{︃
∞ for z < 0,

U* + F * · z for z ≥ 0;

where EF is the chemical potential of electrodes taking into account Volta potential,

U* = EF + Ws − |e|V is the energy of the bottom of the conduction band, F * = (|e|V +

Wt −Ws)/h is the gradient of the potential energy, proportional to the electric �eld in the

barrier area.
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Stark-shifted image-potential states (3)

The Bohr-Sommerfeld quantization rule is

1

𝜋~

b∫︁
a

p(z) dz = n − 1 + 𝛾, n = 1, 2, . . .

where a = 0 and b = (E − U*)/F * are classical turning points, m0 is mass of electron in

vacuum, n is integer index, 𝛾 ≃ 3/4. After substituting p(z) =
√︀
2m0 (En − Ueff (z)) and

integration, we arrive at the spectrum of the quantum-well states

En = EF + Ws − |e|U +

{︃
3

2

𝜋~√︀
2m0

F *
n ·

(︂
n − 1

4

)︂}︃2/3

.

Process of resonant tunneling from tip to sample starts provided En ≃ EF , then

|e|Vn ≃ Ws +

(︂
3

2

𝜋~√
2m

)︂2/3

· F * 2/3
n ·

(︂
n − 1

4

)︂2/3

.

An estimate for the energy of the higher-order �eld-emission resonances (n ≫ 1)

|e|Vn ≃ Ws +

(︂
3

2

𝜋~√
2m

)︂2/3

· F * 2/3
n · n2/3, n = 1, 2, . . .

Kolesnychenko, Kolesnichenko, Shklyarevskii, van Kempen, Physica B, v. 291, 246-255 (2000)

Aladyshkin, Journ. Physics: Condens. Matter, v. 32, 435001 (2020)
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Typical tunneling spectra: effect of quantum-well states

QWS = quantum-well states, FER = �eld-emission resonances

amplitude of oscillations of tunneling current at

constant mean current and variable height

rate of tip displacement at constant mean

current and variable height
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Estimate for local work function for thin Pb(111) films

An estimate for the energy of the higher-order �eld-emission resonances (n ≫ 1)

|e|Vn ≃ Ws +

(︂
3

2

𝜋~√
2m

)︂2/3

· F * 2/3
n · n2/3.

Tunneling spectra for the same terrace Pb(111), acquired by the STM tip of various shapes

of the apex: work function Ws = 3.8± 0.1 eV
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Ws = 3.85 eV (theory): Lang and Kohn, Phys. Rev. B 3, 1215 (1971)
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Field-emission resonances at h − U diagram: experiment

|e|Un ≃ Ws + 𝛾2/3 ·
(︂
|e|Un + Wt −Ws

h

)︂2/3

·
(︂
n − 1

4

)︂2/3

=⇒

hn ≃ 𝛼 ·
(︂
n − 1

4

)︂
· |e|U + Wt −Ws

(|e|U −Ws)
3/2

and 𝛿h = hn+1 − hn do not depends on n.
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Series of h−U dependences for given current (from

20 pA to 3 nA)

Dependence of ln I on h at U = 10V

All �eld-emission resonances shift to higher bias voltages upon increasing tunneling current
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Field-emission resonances and nonexponential dependence of
the tunneling current on the STM-tip height

Typical dependence of the tunneling current on the height I = I0 · e−𝛼·h :

𝛼 =
d(ln I )

dh
≃ −2

√
2m*

~
·

⎧⎨⎩ W 1/2 for tunneling regime at |eU| ≪ W ;

2W
3/2
t /(3|eU|) for emission regime at |eU| ≫ W .
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Field-emission resonances are responsible for the bias-dependent periodic variations of the

logarithmic derivative d(ln I )/dh as a function h
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Summary (1)

∘ Electronic properties of thin Pb(111) �lms grown in single-crystalline Si(111)7×7 and

HOPG substrates were studied by low-temperature scanning tunneling microscopy and

spectroscopy.

∘ Analysis of the dependences of di�erential tunneling conductance dI/dU on bias

voltage U for Pb(111) islands of various thickness (from 8 to 50 monolayers) allows us

to �nd experimentally microscopic parameters of Pb(111) �lms (thickness of wetting

layer, Fermi velocity and Fermi wave vector) and determine the E(k⊥) dependence.

∘ Peculiar sensitivity of the tunneling spectra dI/dU(U) to the local thickness of the

Pb(111) �lms makes it possible to visualize hidden defects (steps on substrate surface

under the metallic layer, inclusions, mechanical stress and nonquantized variations of

the height, subsurface dislocation lines).

∘ We observe periodic oscillations of the visible height of monatomic steps on the

Pb(111) surface controlled by quantum-well states in Pb �lms. The maximum and

minimum visible heights of the monatomic Pb(111) step correspond to the bias

voltages, at which local densities of states for the Pb(111) terraces of di�erent

thicknesses are equal.
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Summary (2)

∘ Using Bohr-Sommerfeld quantization rule for electron in a triangular potential well

we derive a simple relationship for the position of the higher �eld-emission resonances

|e|Un ≃ W + const · n2/3, where W is the work function for the sample.

∘ By analyzing the local spectrum of the �eld-emission resonances we experimentally

determine the local work function for Pb(111) �lms and demonstrate that this estimate

does not depend on tunneling current, shape of the STM tip and the �lm thickness

(for Pb �lms exceeding 40-50 monolayers).

∘ We demonstrate that �eld-emission resonances are responsible for the bias-dependent

periodic variations of the logarithmic derivative d(ln I )/dh as a function h.

∘ We show that it is possible to �nd the absolute height of the STM tip above the

sample surface without touching the surface.
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